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HYPER-ARCHIMEDEAN VECTOR LATTICES 
BY 
S. J. BERNAU 
(Communicated by Prof. A. C. ZAANEN at the meeting of September 29, 1973) 
A. BIGARD [2] has considered the class of lattice groups a satisfying 
the condition that for f, g E C+ there exists a positive integer m such that 
f Amg4m--lk7, and called such lattice groups hype+archimedeun. He 
shows that two equivalent conditions are: that every principal solid 
subgroup (i.e. subgroup of the form I(g) = {Z E a: 1~1 g ng for some integer n} 
(g E U+)) is a cardinal summand; or that every prime subgroup is maximal. 
A natural example of a hyper-archimedean lattice group is a lattice group 
of real functions with finite range, i.e. step functions. BIGARD shows 
[2, Theorem 4.21 that hyper-archimedean lattice groups are precisely those 
that can be represented by real continuous functions, all of whose cozero 
sets are compact, on some Hausdorff space. 
Hyper-archimedean vector lattices have already been considered (albeit 
briefly) by AMEMIYA [l, p. 1261 who described them, essentially, by the 
condition that all prime subspaces are maximal and showed that they 
can be represented as spaces of real valued functions any of which takes 
only a finite number of values on the support of another. They were also 
studied by LUXEMBURCI and MOORE [7] who showed that Bigard’s con- 
dition is equivalent to requiring that every quotient group shall be 
archimedian. 
In his doctoral thesis [3] BICIARD gives an example, due to Conrad 
and, independently, to the author, of a hyper-archimedean lattice group 
which camot be represented as a lattice group of step functions. This 
is the lattioe group of real sequences generated by the constant sequence 
u= (1) and the sequence V= (E+ l/n) for a tied irrational t. 
This example does not work for hyper-archimedean vector lattices, 
where something more complicated is required. In this note I give two 
examples of hyper-archimedean vector lattices which admit no repre- 
sentation as vector lattices of step functions. I also show that if a hyper- 
archimedean vector lattice has countable (linear) dimension then such a 
representation is always possible. 
A good summary of results on hyper-archimedean lattice groups can 
be found in [S]. 
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1. EXAMPLE. Let X=(0, 1) x (0, 1) and for O<x<l, O<y<l let 5, 
vz E RX be defined by 
h@, b)= 
I 
0 (b#Y) 
1 (b=Y), 
1 
0 
v&, b) = 
(a+4 
x+b (u=x). 
Let V be the sub vector lattice of RX generated by the h, and v,. Suppose 
g -+ i is a faithful representation of V by real valued functions. Since V 
contains the characteristic function f zy of each (2, y) E X we may assume 
that the functions d have domain X. It then follows that 
(1) 0, b) =s(a, b).hb(% b) =gb, b)&&, b) ((a, b) E X) 
for all g E V. 
Suppose now that the representation g + J is such that all the functions 
i are step functions. By natural uncountability arguments there exist 
integers m, n and uncountable sets 
and 
A, = {a E (0, 1) : card &(X) =n> 
B, = {b E (0, 1) : card h,(X) =m>. 
Choose al E A, and an infinite subset Br C B, such that B,, is constant, 
say equal to 21, on {ui> x BI. Continue inductively to find m + 1 distinct 
elements ctl, . . . , a,+1 E A, and an infinite subset B C B, such that each 
&t is constant, equal say to 4, on {ut} x B. Since card vb(X) =m (b E B) 
we can find, for each b E B a pair (11, q)b of integers such that 1 ~p<q< 
G m+ 1 and flb(oD, b) =&,(a,, b). S ince B is infinite there exist distinct bl, 
bz E B such that (j?, q)bl = 0, q)b,. Using (1) we conclude that &,/(a, + bj) = 
=?$(a,, b,)=&(u,, bf)=A,/(a,+b,) for j=l, 2. Since &,&#O we have 
(up + bl)(u,+ bs) = (up + bs)(u, + bl) which is impossible because up #a, and 
bl f bz. 
This shows that V has no faithful representation by step functions. 
To see that V is hyper-archimedean suppose W is a prime subspace of V. 
If there exists (a, b) E X such that f&, 6 W, then W- {g E VT: g(u, b) = O> 
and VI W = R. If all fab E W and W# V then there is exactly one ha or 
exactly one vb which is not in IV’; in either case w is maximal. It follows 
that V is hyper-archimedean. 
2. EXAMPLE. A similar example to Example 1 has been communi- 
cated to the author by an anonymous referee. It goes as follows. 
Let {M,} be a family of infinite subsets of the positive integers which 
is indexed by the positive reals and has the property that Mr n M, is 
finite if r # s. For r > 0 let f,. be the real valued sequence defined by 
fr(n) = n + r if n E M, and f,(n) = 0 if n $ M,. Let H be the vector lattice 
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(of sequences) generated by the fr and the sequences of finite support. 
Since fr A fe has finite support if r fs we can prove that H is hyper- 
archimedean by the same method used for V in Example 1. 
If g + g is a faithful representation of H by real-valued step functions 
we can assume that the representation is by real sequences, just as we 
transferred it to X in Example 1. By the same type of uncountability 
arguments as before we find a positive integer k and an uncountable 
subset SO of {fr : r > 0) such that 4 takes exactly k non-zero values for each 
f E 80. Since 80 is uncountable there is then an integer ni and an uncoun- 
table 81 C 80 such that Ani) # 0 (f E 81). Continuing inductively we find 
integers ni, . . . . n&i and an uncountable set 8 C SO such that f(nj)#O 
(f ES,j=l, 2 )...) k+ 1). Since each f in S takes exactly k non-zero values 
we can find distinct fr, f8 in S and distinct integers p p such that jr(p) =&p) 
and fh,) =&I). N ow, if e, is the characteristic function of n, we have 
e”*(n) # 0 and f(n) =&(n)f(n) (f E H). We conclude that (r +P)(s+Q) = 
=(s+p)(r+q) dich is impossible with r#s and p#q. 
Both our examples used vector lattices with uncountable (linear) 
dimension. This cannot be avoided as the following theorem shows. 
3. THEOREM. Let V be a hyper-archimedean vector lattice whose (linear) 
dimension is countable, then V can be faithfully represented as a vector lattice 
of real valued step functiolzs. 
PROOF. Assume V is not finite dimensional and let {e, : n= 1, 2, . ..} 
be a basis of V consisting of positive elements. By [2, Theorem 4.11 if 
g E V+, I(g) is a direct summand and hence I(g) =gU (the bipolar of g). 
(In fact if XE V+ and mgAx<(m-l)g, gA(x-mgAz)=(g+mgAx)Ax 
- mg A x = (m + 1)g A x - mg A x = 0.) Let [sl] denote the natural projec- 
tion on g* (g E G+). 
Now define fl =ei and inductively, fn= [(fl+ . . . + fla-l)l] en. Since V is 
hyper-archimedean, V can be faithfully represented as a vector lattice 
of real valued functions. For any x E V there exists n such that x is a 
linear combination of ei, . . . . e, and hence x E I(fl+ . . . + fn). We may 
choose our representation g + g of V by real valued functions so that 
each non-zero fn is a characteristic function (because fn A fm= 0 if mfn). 
It follows from [l, p. 1261 that $3 is a step function. 
We complete this section by proving the result of Amemiya used just 
above. This is done because Amemiya’s proof occurs in a different context 
and uses heavy machinery which is natural there but unnecessary here. 
Writeg=fi+... + fla and recall that g is a characteristic function. Suppose, 
if possible that 2 has infinite range. If 2 is unbounded ng A B $ (n- l)J 
for any positive integer n. Hence 4 is bounded. Let 1 be a limit point of 
the range of 8. Then, taking y= lx-lg/ we see that n$ A i Q (n- I)$ 
for any positive integer n. Thus d is a step function as claimed. 
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